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The outer derivation of a complex Poisson manifold. 

by J-L. Brylinski* and G. Zuckerman 

In this note we introduce the canonical outer Poisson vector field on a Poisson 
manifold (both in the smooth and complex-analytic cases). This means that we 
construct a canonical class of Poisson vector fields modulo the locally hamiltonian 
vector fields. This class is an obstruction to the existence of a volume form invariant 
under all hamiltonian flows. It is defined even both in the case of a smooth Poisson 
manifold and in the case of a holomorphic Poisson manifold, even if there is no 
global volume form. We show (in the complex-analytic case) that this outer vector 
field gives a class of holomorphic functions with singularities along the complement 
of the regular set, which is canonical modulo the addition of Casimir functions. We 
study this class in terms of various sheaf cohomology groups of interest. The same 
outer vector field has been introduced independently by Alan Weinstein [W]. He 
has a description of the outer vector field which relates it to the KMS theory and 
thus to the Connes-Takesaki theory of modular automorphisms of a von Neumann 
algebra. 

We thank Alan Weinstein for communicating to us an early version of his work 
and for useful correspondence. The first author thanks the participants at the 
Singularity Seminar at Marseille-Chateau Gombert where he lectured on this work. 
We thank Philip Foth for useful comments on a previous version of this note. 

1. Hamiltonian and outer vector fields of a Poisson manifold 

We will work either with a C°° or a complex Poisson manifold M. In the first 
case there is a Poisson tensor 7r G A 2 TM, where TM is the tangent bundle. In the 
second case the Poisson tensor % is a holomorphic section of A 2 Gm, where 0m is 
the holomorphic tangent bundle. 

There are three interesting classes of vector fields, which we enumerate starting 
with the largest class: 

(1) the Poisson vector fields: a vector field £ is Poisson it it preserves the 
Poisson structure, that is 

££7T = {£,7r} = 0, 

where { , } is the Schouten bracket. 

(2) the locally hamiltonian vector fields: locally £ is of the form Xh = i{dH)n, 
where % denotes interior product, and H is a smooth (resp. holomorphic) function 
defined locally. 

(3) the hamiltonian vector fields: £ = Xh for some global H. 
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It is interesting to devise cohomological criteria separating these types. For 
instance, let £ be locally hamiltonian; then there is an open covering (Ui) such that 
£ = Xfj. over Ui. Then /y = Hj — flj satisfies Xf.. = 0, so it is a Casimir function 

over Uij. We have a Cech 1-cocycle fij with values in the sheaf Cm of smooth (resp. 
holomorphic) Casimir functions. 

Proposition 1. (1) For M a smooth Poisson manifold, we have an exact 
sequence 

-> Ham(M) -> Loc Ham(M) -> H^M.Cm) -> 0. 

(%) For M a complex Poisson manifold, we have an exact sequence 

-> Ham(M) -> Loc Ham(M) -> H\M,Cm) -> H X {M, O m ), 

where Om is the sheaf of germs of holomorphic functions. 

Now we wish to examine the difference between the first two types of vector 
fields. We need to sheafify the question. Let flam be the sheaf of locally hamilto- 
nian vector fields, and let -Per be the sheaf of Poisson vector fields. Then flam is 
a subsheaf of -Per . If we have a vector field £ which is Poisson, it gives a section of 
the quotient sheaf Per / Ham . This quotient sheaf is hard to describe in general. 
In the regular case we have the following description, where TXdenotes the sheaf 
of smooth tangent vectors, €>x the sheaf of holomorphic tangent vectors. 



Proposition 2. Let M be a regular Poisson manifold such that there exists 
a smooth fibration p : M — > X whose fibers are the symplectic leaves. Then the 
quotient sheaf Per / Ham identifies with the pull-back sheaf v~ 1 TX (in the smooth 
case), resp. p~ x Qx (in the holomorphic case). 

Now in the smooth case the sheaf cohomology H Z (M, p~ 1 TX ) is equal to 
Vect(X) ® H l (F,M), where F is the fiber of p. In the holomorphic case, if M 
is Stein, the group H l (M,p~ 1 <dx) is equal to Q(X) <g> H l (F,C). In general there 
is a spectral sequence with E 2 term = H P (X, 0j ® H q (F, C)) converging to 
H i (M,p- 1 O x )- So we obtain 

Proposition 3. Let M be as in Proposition 2. Let £ be a Poisson vector 
field on M. Then £ is locally hamiltonian iff the corresponding vector field on X is 
trivial. 

Now we come to the notion of an outer Poisson vector field. This is defined to 
be a section of the quotient sheaf Per / Ham . 

Lemma 1. Let M be a smooth Poisson manifold or a complex Poisson 
manifold which is Stein. An outer Poisson vector field comes from a global Poisson 
vector field iff the corresponding class in fl 1 (M, Ham )—>H 2 (M, Cm) is trivial. 

The isomorphism comes from the exact sequences of sheaves 

-> C M -> £Zm Ham M -> 0, 
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in the smooth case 

— > Cm — > Cm — ► Ham M — > 0, 

in the holomorphic case. In the holomorphic case we have H 1 (M 7 Om) = H 2 (M 7 Om) =| 
because M is Stein. 



2. Koszul operators and the canonical outer vector field. 

The results here were also obtained independently by A. Weinstein [W]. Fol- 
lowing Koszul [K], we say that an operator D : A l TM — > A t ~ 1 TM generates the 
Schouten bracket iff we have 

{u, v} = (-l) p [D(u Av)- (Du) Av- (-l) p u A (Dv)}, (1) 

where u E A P TM, v E A q TM. There is a similar notion in the holomorphic case. 
We call these operators Koszul operators . 

Theorem 1. (Koszul) (1) The set of Koszul operators D is in canonical 

bisection with the set of connections V on the canonical bundle A n T*M (resp. ujm = 

Q n ) 
±LmJ- 

(2) The square D 2 is interior product with the curvature KofV. 

(3) Let V be a connection on the canonical bundle, and let a be a 1-form. Then 
the Koszul operator corresponding to the connection V + a is D + i(a). 

In particular, a Koszul operator is of square iff the corresponding connection 
is flat. 

Recall that a holomorphic vector bundle E — > M has Chern classes c p (E) E 
H P (M, Q p ) in Hodge cohomology, and slightly more refined classes in H P (M, QF M cl ), 
where &F M cl is the sheaf of closed holomorphic p-forms. 

Corollary . Let M be a complex manifold. 

(1) There exists a global holomorphic Koszul operator iff the first Chern class 
ci(©m) £ H 1 (M,Q M ) of Om in Hodge cohomology is 0. 

(2) There exists a global holomorphic Koszul operator of square iff the class 
c 1 (Q M )eH 1 {M,n MjCl ) isO. 

We recall how a connection V defines a Koszul operator. We discuss only the 
holomorphic case. We have the canonical isomorphism 

where M is the sheaf of holomorphic z-forms. The connection V on induces 
one on the dual line bundle toff , which in turn extends to operators Q? M ^uff 1 — > 
O-^ 1 <S> wf/ _1 - Using * this induces an operator D : A 1 Qm — > A 1_1 0m- It is easy 
to see that D is a Koszul operator. 
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Note that any volume form v induces a flat connection V on um, hence a 
Koszul operator of square which we will denote by Dy. More generally any 
multi-valued volume form z/, such that monodromy around any loop multiplies v 
by some constant, also defines a flat connection. 

Now assume that M is a Poisson manifold with Poisson tensor it. Then for 
any (local) Koszul operator D of square 0, the vector field Dtv is Poisson because 
(1) gives 

= D{tv, tv} = -(Dtv) A tv - tv A Dtv = -2{Dtv) A tv 

and then 

2{Dtt, tv} = 2D 2 (tv) A tv- D 2 (A 2 tv) = 

(cf. [K]). 

Now if we change the Koszul operator of square to D + i(df), then we change 
Dtv to Dtv + Xf. Hence we have 

Theorem 2. There exists a canonical section £ of Per / Ham , which is locally 
equal to Dtv for any Koszul operator D of square 0. 

This is called the canonical outer vector field. 

The canonical outer vector field can be computed more concretely from any 
local volume form v. We have 

Proposition 4. Given a volume form v over U C M , a representative of £ 
over U is given by the vector field v such that (v • f)v = £x f v. 
Let us now look at the regular case. Then we have 

Proposition 5. For a regular Poisson manifold equipped with a fibration 
p : M — > Z whose fibers are the symplectic leaves, and for any volume form v , the 
Poisson vector field Dtv is equal to 

±X log /, 

where the function f is defined as follows. Let a be some volume form on Z ; then 
the Liouville fiberwise volume form (3 defines a volume form a A (3 on M . Then 

^ _ a A/3 
v 

Corollary . (see also [W]) The section of Per / Ham is supported in the 
singular set of the Poisson manifold M . 

As an example, let q be a complex Lie algebra, and let A : g — > C be the modular 
character A(£) = Tr(ad(^). Then the constant vector field A on g* represents the 
outer vector field £. We have 
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Proposition 6. Let g be a (real or complex) Lie algebra which is not unimod- 
ular. Then the outer Poisson vector field £ does not vanish in any neighborhood of 
0. 

This is proved easily by looking at the Taylor series at the origin of any hamil- 
tonian vector field. 

3. The canonical singularity class. 

For a Poisson manifold M, we have the canonical Poisson outer vector field £. 
We have proved that its restriction to the regular open set U is trivial. We wish to 
think of £ as corresponding to a class (modulo Casimir functions) of singularities 
along S = M \ U of multivalued meromorphic functions. This will be mostly inter- 
esting in the complex-analytic case. We use cohomology H l s (M,F) with supports 
in S of a sheaf F, which fits into the exact sequence 

-> H%{M, F) -> H°(M, F) -> H°(U, F)-^H S (M, F) -> H l (M, F) -> • • • . 

Proposition 7. (1) Assume that M is equipped with a holomorphic volume 
form v, and let D be the corresponding Koszul operator. Then the Poisson vector 
field v = Dtv is locally hamiltonian over U , hence it gives rise to a class f v in 
H°(U,O m /Cm). 

(2) The outer vector field £ gives a canonical class in H S (M, Om/Cm)- If there 
is a global volume form, this class is the image of the class f v in (1) by the boundary 
operator d. 

Here H S (M, Om/Cm) denote sheaf cohomology with supports in S. 

In (1) we could more generally assume that M has a multi- valued volume form 
v such that — is constant for any monodromy transformation T. 

This class can be understood as follows. First assume there is a global volume 
form. The global Poisson vector field v = Dn which over U is locally hamiltonian, 
hence given by a section of Om/Cm over U. We can change the volume form, 
multiplying it by a non-vanishing function / over M. Then log f is globally defined 
over U modulo constants, hence it is globally defined as a section of the quotient 
sheaf Om/Cm over U. Therefore the image in H\{M, Om/Cm) is well-defined. 

Now relax the assumption about a global volume form. The cohomology with 
supports Hg(M, Om/Cm) can be computed as a direct limit over open coverings 
(Ui) of M of the quotient complex C'((U, \ (S D Ui), F)/C'((Ui), F) where F = 
Om/Cm- This is a complex whose (p + l)-st term is 

@ i0 ,..,iT{U i0 ... ip \ (S n U i0 ... ip ), F)/T(U i0 ... ip , F). 

This description is correct because there is no section of F on an open set which 
vanishes on a dense open subset. 

Now cover S by open sets SnUj, Ui open in M, such that there is a volume 
form Ui over Ui. Then we have a corresponding Poisson vector field Vi over Uf, the 
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restriction of Vi to Ui\(S C\Ui) is locally hamiltonian, hence defines a section of 
Ham ^-OM I Cm over this open set. Now we have: Vj — Vi = X lo »j_ over Uij hence if 

we put fij = log we get a section of Om /Cm over such that Vj — Vi = Xf.., 

hence gj — gi = fij. It follows that the Cech coboundary of (gi) is zero in the 
quotient complex, hence we have indeed a cohomology class in degree 1. 

There is another interesting co ho mo logical invariant attached to £. This is the 
class in H^M.Cm) obtained from the class in H\(M,Om /Cm) by applying the 
boundary map for the exact sequence of sheaves — > Cm — > Om Om/Cm — > 0. 

If we have a volume form on M, then there is a corresponding class in 
H 1 (U 7 Cm)- We can summarize the situation into the following square 

H°(U, Om/Cm) H^U.Cm) 



d 



d 



H\{M, Om/Cm) H 2 s (M,Cm). 

The classes in the groups of the first row depend on a volume form; the classes in 
the groups in the second row are entirely intrinsic. 

We would like to suggest that the groups Cm) and (M, Cm) have a 

geometric interpretation in terms of multivalued holomorphic functions on U whose 
variation (under monodromy) is a Casimir function. We first study the case where 
the Poisson tensor n is non-degenerate on a dense open set U. Then the vanishing 
locus of the section A n n of A n ©x is a divisor D = niDi. The singular locus 
S is the support of D, i.e., the union of the Di. Since all the Casimir functions 
on any open set are constant, the sheaf Cm is the constant sheaf C M . We have 
H|(M, C) = J2i where Di is the class of the divisor in cohomology with 

support. Then we can state 

Proposition 8. The class in Hg(M,C) corresponding to the canonical outer 
vector field is the class J2i n i[Di] of the divisor of A n iv. 

We illustrate this in a simple example. Let g be the two-dimensional complex 
Lie algebra with basis x,y, such that [x,y] = x. Then g* = C 2 is a holomorphic 
Poisson manifold, with Poisson tensor n = x-^ A J^. The regular open set U is 
the open set U = {(x,y);x ^ 0}. The singular set S is the line x = 0. If we use 
the volume form dx A dy, then we find that £ is represented by the Poisson vector 
field v = Over a contractible open set in U, this is the hamiltonian vector field 
associated to a branch log x of the logarithm function. The obstruction to finding 
a global function / such that v = Xf is given by the monodromy of log x, which 
is encoded in the generator of H l {U,C) = C. The class in H S (M,C) = C is the 
canonical orientation class. 

There is a similar computation for quadratic Poisson algebras, and for the 
Poisson-Lie group corresponding to SL{2). 

In general the group H 1 ^, Cm) is hard to describe. However for any symplectic 
leaf F C U we have a restriction map H 1 (U,Cm) —> H 1 ^^); therefore for any 
loop 7 G F we have a corresponding character x 7 : H 1 (U,Cm) — ► C This has the 
following description: 
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Proposition 9. Let U be an open subset of M over which there is a fibration 
p : M — > Z whose fibers are symplectic leaves. Assume there is a multi-valued global 
volume form v on U, and let c G H x (U,Cm) be the corresponding cohomology class. 
Let F C U be a symplectic leaf, and let Let x = p(F). Let a be an element of 
A max Qx,x> an d 9 b e the multi-valued function on F given by 

a A (3 

9 = , 

v 

where (3 is the fiberwise volume form as in Proposition 5. Then for any loop 7 G F 
the number x(c) is equal to the variation of the multi-valued function log g along 
the loop 7. 

Concerning the cohomology groups H 1 (M,Cm) associated to a complex Pois- 
son manifold M, they are modules over the algebra H°(M 7 Cm) of global Casimir 
functions. It is tempting to conjecture that for M a Stein manifold, these are 
finitely-presented modules. 
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